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ABSTRACT 
It is known that the Darboux transformation (DT) allows us to construct generalized isospectral 
potentials in  ordinary quantum mechanics. A simple mathematical deduction of the DT is pre-
sented, including an application for the Hulthén interaction. 
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RESUMEN 
Se demuestra que la transformación de Darboux (TD) permite construir potenciales isoespectrales 
generalizados en mecánica cuántica ordinaria. Se presenta una simple deducción matemática de la 
TD, incluyéndose una aplicación para la interacción de Hulthén. 
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1.  Introduction  
The one-dimensional stationary case of the Schrödinger equation is given by [1,2]: 

λψψψ =+− )(2

2

xu
dx
d

 (1) 

which is written in natural units taking 1
2

2

=
m

. The values of λ represent the energy spectrum 

allowed for determined boundary conditions corresponding to the standard potential . 
With the very useful Darboux transformation (DT) [3-6] is possible to generalize any specific 
standard potential and thus generate new interaction models with the same energy levels. The 
DT is related to the Sturm-Liouville theory [7-10], and it is easy to see the implicit presence of 
DT in supersymmetric quantum mechanics [1,2,5,11-17]. 

)(xu

 
We suppose that (1) accepts the particular solution Ψ1 for the eigenvalue λ1: 
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1111 )('' ψλψψ =+− xu  (2) 
then we employ Ψ1 as a “seed function” to construct the DT[3-5,18]: 

111 ,)(')( ψσψσψφ Ln
dx
dxx =−=  (3) 

therefore (1) adopts the structure: 

λφφφ =+− )(2

2

xU
dx
d

 (4) 

with the generalized isospectral potential: 

12)()( σ
dx
dxuxU −=  (5) 

That is, the Schrödinger equation is covariant with respect to DT. Other “seed functions” can 
generate many DTs and thus a great family of generalized potentials with the same energy spec-
trum. In section II we show a simple procedure to motivate (3), (4) and (5), that is, we exhibit 
how the basic expressions of DT are born. 
 
The DT is a mathematical technique that can be interpreted as supersymmetry [1,2,5,11-
15,19,20], when applied in quantum mechanics. In [21-27] Riccati equation [7,28-30] is emplo-
yed to construct generalized potentials isospectral to the free particle, harmonic oscillator, hy-
drogenic, Morse [1,13,14,31-36] and Hulthén [1,37-41] interactions. It is possible to obtain all 
these generalized potentials via an adequate DT, which shows the power of the Darboux’s pro-
cedure. As an example, in section III we apply the DT to Hulthén model, as an alternative met-
hod to the Riccati equation, in the search of new quantum mechanical potentials for a given 
spectrum. 
 
2. Darboux transformation 
 
If in (1) we introduce the new dependent variable )(/)()( xxxy θψ= , where )(xθ  is an 
arbitrary function for the time being, then this equation takes the form: 

0)''''(''2''
1

1
1 =−+−++ yyy

ψ
ψ

θ
θλλ

θ
θ

 (6) 

using  111 /'' ψψλ +=u  from (2). Therefore,  it is possible to choose 1ψθ = , yielding to: 

1ψ
ψ

=y  (7) 

reducing (6) to: 

0)(''2'' 1
1

1 =−++ yyy λλ
ψ
ψ

 (8) 
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Now we apply 
dx
d

 to (8) and introduce the notation: 

1

1
1

',)()(
ψ
ψση == xy

dx
dx  (9) 

obtaining the equation: 
0)'2('2'' 111 =+−++ ησλληση  (10) 

Finally, in (10) we make a transformation similar to (7): 
 

1ψ
η Φ
=  (11) 

then these equation adopts the structure of (4) with the generalized isospectral potential 
' , accordingly with (5). Besides, from (7), (9) and (11) we 

have that 

2')( 111
2
1 σλσσ −=+−= uxU

)/(' 1111 ψψψψηψφ
dx
dy ===  , which reproduces (3) q.e.d. 

 
In the literature on DT there is not an explicit motivation for these important transformations of  
mathematical physics. Thus, this section was dedicated to a simple demonstration of the basic 
expressions of DT. 
 
 
3. Generalized Hulthén Potentials 
The Hulthén potential [37] is a useful interaction model that has been used extensively [42] in 
different areas of Physics, including nuclear [43] and atomic physics [44], due to the fact that it 
yields to closed analytic solutions for the s waves [39,45,46]. It is given by [27,39]: 
 

1
)(

−
−= Ar

o

e
Vru  (12) 

 
where the screening parameter A and Vo are positive constants such that Vo>A2. This potential is 
a special case of the Eckart potential [47]. It is clear that [1,2] the Schrödinger equation for the 

radial wave function R(r) takes the form (1) with ψ
r

R 1
=  for 0=l . 

 
Here we shall take the example discussed in [48] as a sample of the usefulness of DT. Accor-
ding with equation (3) the DT depends on the function 1ψ  selected, so we will show two op-
tions verifying (2): 
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a)  1ψ  is the usual wave function [39,45] for the ground state associated to (12): 

( ) 2
11 1)( keer krAr −=−= −− λψ  (13) 

where ( ) 0
2
1 2

0 >−= AV
A

k  

 
Employing (13), the relations (3) and (5) lead to the generalized potential of Hulthén (Dar-
boux potential): 

2
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m e
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e
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equivalent to (36) of [27] and (7) of [49], which is isospectral to (12). Um has the structure 
of the approximate Hulthén effective potential introduced by Greene-Aldrich [50] in their 
method to generate pseudo-Hulthén wave functions for states with non-zero angular mo-
mentum. 

 
b)  Another possibility is to utilize: 
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satisfying (2) with , being 2
1 k−=λ γ and b arbitrary constants. 

 
Expressions (3), (5) and (15) imply the following generalized Hulthén interaction: 
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with ( ) 11 ψρ krAr eeb −−−= , corresponding to (11) of [27] obtained via Riccati equation. 
 
Finally, we conclude remarking that the Darboux procedure used to generalize a standard 
potential is a straightforward method, which is far simpler than equivalent approaches em-
ployed to find new families of isospectral known potentials [49,51,52]. In particular, with 
the  DT we may find useful potentials in Molecular Physics, for example, the approximate 
Hulthén effective interaction introduced by Greene-Aldrich [50], to see (14). Besides, the 
methodology here presented is applicable the study of the principal equations of Mathemati-
cal Physics (Hermite, Legendre, Laguerre, Chebyshev, etc. ), if first they are transformed to 
Schrödinger type equations.  
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