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RESUMEN

Aqui se demuestra que la distribucion de amplitud luminosa sobre un detector esférico puede es-
cribirse en funcion de una transformacion de Fourier de orden fraccional, cuando un objeto plano
es iluminado adecuadamente con una onda esférica. Esta propuesta permite establecer una teoria
general de la propagacion de una onda en el espacio libre. Este resultado provee una alternativa de
la ley de propagacion y permite usar la transformada de Fourier de orden fraccional como una
herramienta para el analisis y descripcion de una clase mas general de sistemas dpticos.

Palabras Clave: Transformada de Fourier de orden fraccional, Difraccion, Optica de Fourier.

ABSTRACT

In this work it is shown that the amplitude distribution of light on a spherical detector can be writ-
ten in terms of the fractional Fourier transform when a planar object is illuminated with an ade-
quate spherical wave. Here, the approach proposed obtains a general theory of the propagation of
wave in free space. This result provides an alternative statement of the law of propagation and al-
lows us to use the fractional Fourier transform as a tool for analyzing and describing a rather gen-
eral class of optical system.
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1. Introduction
In figure 1, I is the vector of the corresponding coordinates on plane A and ' is the

vector of coordinates of the observation plane P. Let U, (F) be the field complex amplitude at
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point I of diffracting screen A and U, (F) the field complex amplitude at point I’ of detector

P

Figure 1. Fresnel diffraction of plane screen A observed on screen P when is illuminated by a spherical
wave of radius R.

When the planar object is illuminated by a plane wave, the propagation of A to P is re-

lated to Fresnel diffraction[1] as:
12
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Where A and D are respectively the wavelength and the distance between the screen A
and the screen P.

Notice that in Eq. (1) a factor exp{ } has been neglected. This factor is re-

lated to the propagation time from A to P; it can be omitted if the time origin on P is shifted
with respect to the time origin on A.

2. Convergent Spherical Wave lllumination and Huygens principia

Using the convergent spherical wave of radius R for illuminating the plane object lo-
cated in A, the field complex amplitude on the plane detector P becomes:

u, (F) = %exp {—

Selecting appropriate scaled variables[2] :
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and using the definition of the fractional Fourier transform[3,4], we conclude that the

field complex amplitude over the plane detector U, (F) is proportional to the fractional Fou-

rier transform of order o of the field complex amplitude of the planar object U, (F) ; then:

=\ - (7 «a —izr? a - ?3)
up(r)—EJZnsma eXp[_IEZ_EDEXp ,1D( D_R ) TFF {uA(r)}
D-Rsin*a
If R=D, illumination of plane object with a convergent wave, the last expression

becomes a standard Fourier transform over spherical concave receiver of radius D[1] and vari-
ables change is not necessary.

izr’?

/,LD( D—.Rz j
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representing a quadratic approximation of a spherical wave diverging from a luminous point at
D-—
D -Rsin*«a

The radius of curvature is taken from vertex to center. It can be positive or negative
according to the convexity of the spherical segment.

This quadratic factor is compensated if the electric field is observed on spherical surfa-
ce of radius Robs and not on plane P; in this way the field amplitude on Robs is exactly the
fractional Fourier transform of order o of the field amplitude on plane A. In other words, the
complex amplitude of the electric field on the spherical detector of radius Robs is proportional
to the exactly fractional Fourier transform of order o of the planar object.

An interesting property of fractional order Fourier transforms is their continuity with
respect to their orders[3,4]. If fractional order o is observed on spherical receiver of radiusr ,

the planar object is set at distance D and illuminated by a spherical wave of radius R and the
fractional order B observed on a spherical receiver of radiusR” , the same planar object placed

at distance D’ and illuminated by the same spherical wave, then TFF® tends to TFF* as D’ tends
to D. In the same sense, if the fractional order y is observed on spherical receiver of radius R’

The factor exp| —

in equation (3) is a quadratic phase factor

distance R, = —D{ } from P.
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when the planar object placed at the same distance D illuminated by spherical wave of radius
R’, then TFF' tends to TFF* as R’ tends to R.

For D fixed and finite, the radius R of the lighting spherical wave can be changed and
the corresponding radius Robs of the spherical receiver must obeys the condition above indica-
ted for observing the desired fractional order.

The fractional Fourier transforms of different orders are defined as the amplitude field
distributions as they propagate along the medium between the input and the Fourier planes;
using either operation, the fractional Fourier transform or Fresnel diffraction, permits a conti-
nuos transition from the object domain to be accomplished. Accordingly, the order varies from
o =0 (pure spatial information) to o =n/2 (pure spectral information).

We now discuss these consequences from three perspectives.

3. Casel. D—>0
D-R
RR

The observed fractional Fourier transform over any Robs corresponds at the identity
operator.

. 1
The condition Sin® & = [ +Ej D for any R, then the order is a. — 0.

obs

4. Case 2. Disafinite distance different from zero.
Situation A:
If R=D, from equation (2) R, =—D and from condition, o tends to /2. The ra-

dius R of the lighting wave and the spherical receiver surface are centered and separated by the
distance D.

P

Figure 2. Fraunhofer diffraction: The field complex amplitude on @ is the Fourier transform of the field
amplitude on 4.

This corresponds to a Fraunhofer diffraction pattern observed near the center of curva-
ture of a spherical receiver. Equation (2) involves a Fourier transform and for this reason,
sphere @ is called the “Fourier sphere of 2 “[5].
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The issue for different R, D and Robs (for instance, resonators) has been analyzed by
H.M.Ozaktas and D.Mendlovic in reference [6], and this result is in full agreement with them.
Situation B:

If R,,s — o0, we want to make the observation on the plane receiver (very interesting
for the experimental reasons), then the radius of the spherical wave illumination must be:

D
R= ———0# 0, /2. This means that the fractional order Fourier transform of order o can

sin“ a
be observed at a distance D on the plane P if the illumination wave complies with the curvature
given by this condition (for real o, only if R > D). If the convergent spherical wave illumina-
tion radius change, for example increase, the fractional Fourier order o decrease for distance D

fixed. And for a spherical wave illumination of radius R fixed, Sin¢ increase with distance

followingv/D .
Situation C:
If R — o0, illumination be made with a plane wave, then the radius of the spherical

receiver is R, = ———=—; a # 0, n/2. At distance D there is an infinite number of spheres

sin’ «

where a fractional order Fourier transform can be observed[2]. Let S be a sphere with the radius
Robs; the corresponding fractional Fourier transform has an order such that last condition is

accomplished, which is possible for real o, only if R, <—D . If the concave surface detector

radius changes, for instance increase, the order o of fractional Fourier transform decrease for D

fixed. And for a surface detector radius Robs fixed, Sin¢ increases with distance following
the same law for last situation.

Figure 3. The field amplitude on § is obtained from the field amplitude on A with a fractional Fourier
transform of order o

Situation D:
The issue of observing the fractional Fourier transform in free space for D finite, when
the size of the object is scaled by COS¢ [7], can be deduced from equation (3). So, when we
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want to observe the free-space Fresnel diffraction pattern produced by an object scaled with a
reduction factor, for only low orders, the intensity distribution on the plane of detection is given
by the fractional Fourier transform of the object. When the object pattern is scaled with an
enlarging factor, the mathematical expression for the intensity distribution at the observation
plane is also the object’s fractional Fourier transform. These results are in accordance with the
experimental report of H.Jianwen et al. [8].

5 Case3d. Do w

D-R 1
The condition 0 < [ = +Ej D <1 means that R and R,,; — o0, then o tends

obs

to /2. This configuration corresponding to lighting with a plane wave, observing on the plane
receiver and the distance between the two planes is infinity. The diffracted field at infinite tends

to the angular spectrum of U, (F) [2], which is expressed with a standard Fourier transform;

physically, the diffraction phenomenon becomes a Fraunhofer diffraction[1].

6. Conclusions

In this paper we have studied diffraction produced by lighting the plane diffracting
screen with a spherical wave, in terms of the fractional Fourier transform; it was found that in
free space the field complex amplitude on the plane receiver is proportional to the fractional
Fourier transform of the field complex amplitude of the plane emitter multiplicated by a phase
factor.

The phase factor was investigated from various possibilities for the parameters invol-
ved; obtaining a general mathematical expression for the physical descriptions of the propaga-
tion of the electric field between surfaces in free space when lighting with any spherical wave.

The fractional Fourier transform order change with distance in free space; if distance is
zero, the identity operator is observed over any spherical detector (pure spatial information); for
finite distances any one order (0< a < /2) can be observed over a appropriate spherical detec-
tor using a suitable spherical wave illumination. Finally, for infinity distance, order is ©/2 (pure
spectral information).
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