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SUMMARY

In the present work a theoretical model of a synaptic vesicle is developed. The vesicle is conside-
red a spherical organelle, neglecting the contribution of neurotransmitters. In addition, its lumen,
its membrane and the neuronal cytoplasm behave like linear, homogenous and isotropic media
characterized by specific conductivities and permittivities. The theoretical approach considers the
application of an electric field (invariant in time) over this vesicle, which induces, through its
membrane, an electric potential difference. The value of transmembrane potential under natural
physiological conditions agrees with the reported in the existing literature for the aforesaid organe-
lles. A polarization of the vesicular membrane is produced by the action of the applied electric
field eliciting an electromechanical force that stretches the vesicle’s membrane. As a result, the ve-
sicle is extended in the direction of the electric field indicating a transition from its spherical
morphology to a prolate vesicle.

RESUMEN

En el presente trabajo se desarrolla un modelo tedrico de una vesicula sindptica esférica. Esta se
considera como un organelo esferoidal, despojada de neurotransmisores en la que su lumen, su
membrana y el citoplasma neuronal se comportan como medios lineales, homogéneos e isotropi-
cos con permitividades y conductividades especificas. El método utilizado sera el analisis del sis-
tema bajo la accion de un campo eléctrico invariante en el tiempo, lo que induce, a través de su
membrana, una diferencia de potencial. El valor que toma dicho potencial transmembranal bajo
condiciones fisiologicas naturales coincide con el reportado en la literatura para los susodichos or-
ganelos. Una polarizacion de la membrana vesicular es producida por la accion del campo eléctri-
co aplicado, lo que a su vez origina una fuerza electromecédnica que actua sobre dicha membrana.
Como resultado, la vesicula es elongada en la direccion del campo eléctrico evidenciando una va-
riacion desde su forma esférica hacia una vesicula proloide.

INTRODUCTION

The biological system of this study is the synaptic vesicle: A small membrane-bounded organe-
lle. Following to Lee et al. [1], such a vesicle is assumed as a spherical organelle neglecting the
neurotransmitters contribution; in addition, its lumen, its membrane and the neuronal cytoplasm
are considered linear, homogeneous and isotropic media, characterized by both specific conduc-
tivities and permittivities. Such approach is consistent with the physiological state in which a
spherical synaptic vesicle is being recycled or acidified [2]. The physical phenomenon to study
will be the transmembrane potential induction by a time-invariant electric field applied over the
vesicle. As a result, there will be a polarization of the vesicular membrane turning into an elec-
tromechanical force over the membrane whose final effect is the vesicle’s deformation.
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METHOD

In this study, the mathematical representation of the intended biological system is obtained from
Maxwell’s equations stated as follows: The homogenous electric field E is deformed into an
electric field E due to the vesicle presence. The electric field E can be described in terms of the
gradient of a scalar potential field @; where r represents general coordinates (spherical coordi-
nates):

E=-VO

Where @ satisfies the Laplace’s equation and the following conditions:

(1) The electric field far from the vesicle must be homogeneous:

lim(-V®) = E,

r—o

(2) The scalar potential field ®( r) within the vesicle must be finite:
lim ®(r) < o
r—0

(3) The continuity conditions take the following form:

(®,-®,), =0
n-(o,V®,-c, Vo, ) =0
(D, -D,) . =0

n-(o,Vo,-o,V®,) =0

B

Where A stands for the vesicle-membrane internal surface and B refers to the vesicle-membrane
external surface; @;, @ and @, denote the scalar potential field function ®(I) in the fo-
llowing order: inside the vesicle (the so-called lumen), within the vesicle membrane and outside
the vesicle (the so-called neuronal cytoplasm); o, o,, and o, are the conductivities associa-
ted with the media related above; &, &, and &, are the corresponding permittivities and n is

the unitary vector normal to the boundary. The system parameters thus stated are depicted on
Fig 1.
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Figure 1. Assignment of notation used for boundary conditions.

The general solution for the electric potential on spherical coordinates obtained from Laplace’s
equation is described next.

Figure 2. Coordinate system for a spherical vesicle

The coordinate system related to the spherical synaptic vesicle illustrated on Fig. 2 is stated as
follows:

X=rcose, y=rsinpcos$, z=rsingsing
where {(r,S, P)eR :r>0, 0<p<rz, 0<9< 27[} . The general solution of Lapla-
ce’s equation on spherical coordinates is given by:
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arcos¢ para r<R

D= brcos¢+%c05(p para R<r<R+A
r

—Eorcos¢+%cos¢ para r>R+A
r

Being A, the vesicle-membrane thickness: Much less than the vesicle radius R; and ¢, b, a and d
must be found from the above-mentioned set of boundary conditions.

The transmembrane potential across the vesicular membrane induced by the applied electric
field is mathematically stated as AD =® | AT D, |B . Therefore, based on the Laplace’s equa-

tion solution and with the stated above boundary conditions is possible to find a mathematical
equation for the scalar potential field @(I) on three regions: inside the vesicle, within the

vesicle membrane and outside the vesicle. As a result, an equation for the induced transmem-
brane potential is also attainable.

RESULTS AND DISCUSSION

polar angle o Gald)

1 2 @ 4 5 [

Induced transmembrane potential (mV)

Figure 5. Induced transmembrane potential as a function of the polar angle in a spherical vesicle.

The transmembrane potential as a function of the polar angle is represented on figure 5. To
analyze the behavior of the vesicle under normal physiological conditions, the applied electric
field has been assumed as one with the same magnitude of the cognate electric field generated
by the ionic gradient through the vesicular membrane. The effect of the electric stimulation of
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the vesicle is the change in the electric potential difference across the lumen and the neuronal
cytoplasm; it is the so-called induced transmembrane potential and is shown on figure 5. Typi-
cal values (Table I) have been assigned to the electrical parameters on the electric potential
equation.

TABLE I VALUES USED IN THE ELECTRIC POTENTIAL EVALUATION

Parameter Svmbol Value Reference
Conductivity of the cytoplasm ¢ =G, 2835/m *
Conductivity of the membrane  Pm 12x10755/m [6]
Conductivity of the lumen TL =g 18258/m *
Permittivity of the cytoplasm fo =45 6.4x107"° Aseg / Vim [7]
Permittivity of the membrane Epy 445107 dseg/ Vm [6]
Permittivity of the lumen £L =& 6.4x107"" dseg/ Vm [7]
Membrane thickness A 2 nm [8]
WVesicle radius R 120 am [1]. [9]

* Evaluated in Cortés [3] from experimental values reported in both Weiss (1996) [4]
and Grabe and Oster [3] (2001)

The numerical value of A® depends on the location of the space in which this one is calculated.
The values obtained here for the transmembrane potential induced by an electric field that is
generated under natural physiological conditions agrees with those reported by Grabe and Oster
[4] for this type of organelles. As it can be seen from figure 5, A® takes positive or negative
values for different angles supporting the fact that an electric polarization is produced over the
spherical vesicle membrane under the action of the applied electric field. This electric polariza-
tion produces an electromechanical force that acts on this membrane and, as a result, this one is
stretched in the direction of the electric field. Thus, if the spherical vesicle is deformed by the
action of the electric field, the radial displacement must be accompanied by a tangential displa-
cement. The magnitude of the vector displacement is found considering that the vesicular area
is locally conserved before and after deformation. The area is conserved locally if:

Jedods = frdpas M
Where g and g' are the determinants of the metric tensor before and after the vesicular deforma-
tion:

.,‘|rl__,_ = R?sin @ (2)
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And, in the linear approach:

~ _ p2 . (. .1 cot @ 1 dug |
J:—R s111¢::ll+_Ru,. i E{9+R i : (3)
When taking (3) and (2) into (1), the following equations must be satisfied:
M, = : 5 .3-:2052 1-.|
r- 2 A @ L
g =—52 Cos@sing
Therefore, the vector displacement turns out to be U= urér +u wéw’ being
€, =(singpcos Y, sing@cos,cosp) the radial unitary vector and

€, =(cospcosp, sinpcosP,—sin@) the tangential unitary vector. The equilibrium

form of the vesicle is calculated minimizing the total free energy. The two contributions to this
energy are: First, the total bending energy of the membrane [10] and, second, the energy requi-
red by the elements of the membrane to be displaced in the electric field; the total bending
energy [11] is obtained from the equation found by Helfrich [11], [12] while the second one is
attained from the electrical Maxwell stress tensor. Helfrich [11], [12] demonstrated that the
deformation of a spherical vesicle gives rise to an increase in the total bending energy of the
membrane given by:

-

' =
39
e | " |
LY el A

1

487
Geevpmve = 5

|.1_"-"|:~Fp.
L6

A

Where C, it is the spontaneous curvature of the membrane, r, refers to the middle of the vesicu-
lar membrane given by (ZR —A) / 2 [13], s, is the deformation amplitude and is a propor-

tionality constant known as elastic module of curvature. Table II shows typical values associa-
ted to these parameters in a spherical vesicle.

Table II: Typical curvature values to spherical synaptic vesicle.

Parameter Symbol Value Reference
Spontaneous curvature G, 0° [14]
Elastic module of curvature ko 4x 107 [15]

* That is satisfied in the case in which the phospholipids monolayers of the vesicular membrane
are considered symmetrical in their composition.
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On the other hand, the second contribution to the free energy of the vesicle is obtained from the
work done by the electrical forces on the membrane to deform it. Considering that the electric
field in every vesicular region (lumen, membrane and neuronal cytoplasm) has been found
above through the solution of the Laplace’s equation, it is clearly possible to obtain the associa-
ted electric field to these regions, and, when taking them to the electrical Maxwell stress tensor,
the force exerted by the electric field on the vesicle will be thus found. In fact, the surface force
densities acting on the interfaces membrane - lumen and cytoplasm - membrane are:

I. i N i |.|
-~ | membrana | {Iumen | | =
Jime =T -T |&

| citaplasma ) (membrana ) | -
Jear = t." o =T ! | &y

Where T is the electrical Maxwell stress tensor corresponding to j = lumen, membrana, cito-
plasma:

1,9 =0 £, Vg ) —%I:E'” Fou |

Thus, the membrane deformation due to the electric field requires an energy given by:

GErEcTRIC FIELD = —LII (foxe -11) gy — jl:.f:in'r ‘1) ddig
With the integral extended over the sphere:
':’-Har.r = Rjr.r sin Qxfﬁxf,_? = {R +d ]: sin E?tfﬁ?tfa?
and

ddy, = R2. sin pded 9 = R sin edgd

Hence, the energy required by the elements of the membrane to be displaced in the electric field
is:

1228, (R + AFs, K

GEr ECTRICFIELD =~ . 5
3 K"
Where
- 2, 4 2, 7 7
K =9R(R+A)V g, (eylos+ op) —d507)
2 3 , 3 2 - 2302
— &g (B3R (0; + 0, )+ 2o + 20, (A + 34" R + 3AR"))
+ (3R, (0, + ;) + (0, + o, )o; + 20, (A + 347 R+ 3AR™) ¢,
and

K, =3R%c, (20, + ;) + (& + 327 R +3ARN) (20, + o o + 20,)
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Therefore, the equilibrium of the vesicle under the action of an applied electric field is calcu-
lated minimizing the total free energy:

Grorir =Geexpve + GErEcTRIC FIELD

Obtaining finally:

3, (R+d) (2R =d) K
8k, (12-(2R+d)e,) K,

5y =

If values reported in tables I and II are applied to the previous equation, a deformation is ob-
tained and taking it onto the vector displacement, a change of the spherical shape of the vesicle
towards a prolate vesicle is thus shown. Therefore it is possible to figure out that the electrical
polarization of the vesicular membrane (due to the action of the generated electric field under
normal physiological conditions) gives place to the vesicle’s morphological transition. The
magnitude of deformation in the spherical vesicle turns out to be a direct function of the applied
electric field magnitude. Therefore, when this one exceeds a breakdown intensity, the membra-
ne will probably undergo a rupture in some region. In the same way, under the action of the
applied electric field, there is an increase in the total energy of the membrane; this could be
explained by the hydrophilic pores enlargement within the lipid bilayer taking into account that
free polar molecule diffusion could take place across this membrane.

CONCLUSIONS

The effect of the stimulation of a vesicle by means of an electric field invariant in time is the
change in the difference of the electric potential across its membrane known as induced trans-
membrane potential. Solving the Maxwell’s equations for a spherical vesicle, the electric poten-
tial — inside the vesicle, outside the same one and over its membrane — is obtained. For a vesicle
within physiological conditions (within the electrochemical proton gradient across the vesicular
membrane) one explicitly obtains the induced transmembrane potential as a function of the
polar angle. These values for the vesicle’s transmembrane potential agree with those reported
by Grabe and Oster for a spherical vesicle. The above-mentioned relationship shows an electri-
cal polarization induced over the vesicular membrane due to the applied electric field. This
polarization produces an electromechanical force over the membrane and, as a result, this one is
stretched in the direction of the electric field. The equilibrium shape of the vesicle is evaluated
minimizing its total free energy. For a spherical vesicle whose elastic module of curvature is 4
x10” and with a radius of 120nm, the deformation amplitude of turns out to be 9.38nm which,
into the displacement vector, shows a transition of the vesicle’s spherical shape into a prolate
one.
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